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INTRODUCTION

In the preceding paper “Fourier Effectiveness and Order Summability,”
referred to by an added ‘T’ in front of the formulas, e.g., “I (3.6)”", we have
introduced order summability | g] and monotone summability methods A. The
basic result, which motivates the present paper, states that 4 is Fourier-
effective if and only if 4 O L,*, where L,* denotes logarithmic order summa-
bility. This follows from two results of the preceding paper, namely, that
I (3.6) is necessary for Fourier-effectiveness and that L,* is Fourier-effective,
in combination with the fact that I (3.6) implies (and is equivalent to) 4 2 L, *.
The latter result is independent of Fourier series and will be proven in this
paper. Together with several implications concerning Fourier series it has
already been mentioned in Section 6 of the preceding paper.

Naturally, we shall discuss the general inclusion A 2 [g] for arbitrary 4
and g. Section 1 gives sufficient conditions on 4 and g, while Section 2 gives
necessary conditions. They coincide for monotone methods 4 and well-
behaved g (Section 3). As a rather general and typical example, we discuss,
in Section 4, Wiener-type methods (w). There we also prove inclusions of the
type 4 C [g]

In the preceding paper the importance of the intersection () 4, 4 Fourier-
effective, has been pointed out. It is interesting to note that almost the same
intersection is obtained by using Fourier-effective Wiener-type methods only.
More generally, in Section 5, we characterize the intersection () (w),
(w) 2 [g], which is almost [g], again. Finally, in Section 6, we discuss () N, ,
N,2[gland N\ M, , M, 2 [g], where N, and M, denote monotone Nérlund
means, resp. monotone arithmetical means. The former intersection coincides
with () C, (e > 0), and the latter with C, as long as [g] is weak enough
(like L,*) but not equivalent to ordinary convergence. The independence of g
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246 JURKAT AND PEYERIMHOFF

of these intersections is remarkable and shows the relative inflexibility of
these methods as compared to the Wiener-type methods. The special case
N, 2 L,* is related to the known results of Hille-Tamarkin and Karamata
concerning Fourier-effective Norlund means.

1. SurrICIENT CONDITIONS FOR [g] C A

We consider summability methods 4 = (a,,) in the sequence-to-sequence
form, satisfying

a,, —0 (n — oo, v fixed),

(1.1)

A, =Y, a,, converges and 4, — 1 (n — oo).
v=0
THEOREM 1.1. Suppose that g(t) is defined on [0, 1) and that g(t) > 0.
Let A satisfy (1.1) and assume that a sequence of integers v,, > 0 exists such
that

Y. v+ 1D 14da, | = 0(), Y, v+ Dlda,|=0(), (1.2)

S v>2,
<Z< @a =) (1 te ( VV,,—:—II )) | da,, | = O(D), (1.3)
vn<vz<2v" v —=vn) (1 T8 ( Vun:: 1l )) | da,, | = O(1). (1.4)
Then [g] C A.

The proof depends upon the formula (o, = 1/(n + 1) ¥y 5, = S,/(n + 1)):

@®

Yads,—o)= (3 + ¥ )0+ Do, — o) da,

v=0 v}k v>2k

Y ek (2P ) da,,

Le<<vC2h,v £k
n=0, k=0,

which holds when s, — s (Cy). (Note that [g] C C, , that S, — (v 4 1) 0, =
S, — S — (v — k) o4, and that va,, — 0 for v — oo, n fixed, is a consequence
of (1.2).)

If v, — oo, then the assertion is immediate, with £k = v, . If v, = O(1),
we put k = 0 and observe that 3., (v + 1) | 4a,, | = O(1). The proof for
an arbitrary sequence {»,} follows from the arguments used in these two
special cases.
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It is natural to assume that

g(t) 1 for ¢ 1, g(0) > 0, (1.5)

and it will be convenient to define

s0=1g(¥) for i>1, (1.6)
g¥t)=1g(t) for t#1, t=0. 1.7

(The assumption g(0) > 0 does not restrict the generality since [g] is
equivalent to [g,], g,(#) = o + g(z), « = 0. This observation will frequently
be used in the following.)

If g satisfies (1.5), then (1.2), (1.3) and (1.4) can be rewritten as

S 1y lgt () da, 1 = 00) (1.8

v=0
VFEY,

(A special case of this condition was I (6.1).)
For monotone methods, (1.8) can be simplified. We have

THEOREM 1.2. Let g satisfy (1.5), and let A be monotone. Suppose that

Yane () = 0w T ane(f) = ow a9)

v=v,+1

(va is as in 1 (3.7)). Then [g] C A.
If A is triangular and v, = n, then (1.9) takes the simpler form

>, ang (1) = O0). (1.10)

v=0

Proof. The left side of (1.8) equals

iamg*( )+ Z A 8* ( nill)

v=0 v=v,+1

# L et (o0 () o (750

F$ e 1w 25 e 2 )

v=v,+2

where the last two terms are <<0. Therefore, (1.8) is a consequence of (1.9).



248 JURKAT AND PEYERIMHOFF

Remarks. 1. Conditions (1.8) and (1.9) resp. (1.10) are different, as can
be seen in the special case 4 = C; .

2. It follows from

k 1 -+ 2k—-1 k 1
L Z = Y dn Y — (=0k=1)
m=1 =k— v=0 m=max(k—v,v—k+1)

that 1 (3.6), for positive (regular) 4, is equivalent to

v=0

k-1 v + 1
Y ag, (1 + log g ) + Z Ay, (1 + log k) o),
mn=0k=1
(L.11)
which is, for k = v, + 1, condition (1.9) with g(t) =1 + log 1/(1 — ?).
Hence, for monotone methods, 1(3.6) is sufficient for A2 Ly*. Tt is also
necessary, since A 2 L,* implies F-effectiveness of 4 which, in turn, implies
I (3.6). We have used this result in Section 6 of the preceding paper. A more
direct proof, based on Theorem 3.2, will be given at the end of Section 3.

2. NEcessARY CONDITIONS FOR [g] € 4

Let A be an arbitrary matrix and let g(¢) == 0 for ¢ € [0, 1). The summability
s, — 5 (A) involves the existence of o, = Z,, _o @n,5, (In some sense, e.g.,
ordinary convergence or C,-summability) and o, — s (n — ). If [g]C 4,
then A is regular since [g] is regular.

Clearly, the summability field of {g] is a Banach space { g) with the norm

1

n
o = = M
2 nm n—i—l—m_z v

1+g(n—|—1)i "

and the coordinates s,, depend continuously upon the sequence {s,}. If [g] C 4,
then the linear mapping

s, =  sup T

0<<n,0<m<n

{52} = {on)
takes sequences of { g)> into the Banach space of convergent sequences, with
norm
I{outll = sup [ o, | = [[{snllla -

nz=0

Since o, , by Banach’s limit theorem, depends continuously upon {s,}, our
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mapping is closed and hence continuous. Thus, the inclusion [g] C 4 implies
the existence of a constant M such that

Hsallle < Mil{sallly  for  {sa} e (g @10

These arguments are standard, and (2.1) is actually the main condition
involved in the inclusion. At the moment we do not know necessary and
sufficient conditions for (2.1) in simple terms of a,, and g. We shall derive
necessary conditions by constructing special sequences {s,(k)}, depending
upon a parameter k, which are uniformly [g}-bounded and, therefore,
uniformly 4-bounded. In Section 3 we shall see that for monotone methods
the sufficient conditions of Section 1 coincide with the necessary conditions.
Our construction requires further conditions on g. Suppose that

g(t) = % f Yidx for  telo, 1),
where ‘ ) (2.2)
<@t for t1(tef0,1), 0 <j ) dt < .

Then (1.5) holds automatically, and we use (1.6) and (1.7) again. We also

define
1

§(t)=tl—2§(—t—) for 1> 1. (2.3)

THEOREM 2.1. Let g satisfy (2.2), and let A 2 [g] be arbitrary. Then for
some constant M > 0,

(v+1) /(k-+1)

() dt‘ (n=0k=0. (24

v/ {k+1)

In particular, if a,, = 0 (n,v =0, 1,...) then, forn > 0,k > 0,

éamf (le—i-_l—) <M, v——§+1 anvg( Zi 11 ) <M, (2.5)
ang () <M. 2.6)

If (A is regular and) va,, = o(1) (v — o0, n fixed), then (2.4) is equivalent to

50— Rg* () dan

<M n=0k=0. @27
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Proof. First we derive some simple inequalities and identities.

M <g) (e0,1), ) <tew ¢>1, @Y

)10 for ¢t o @>1, 2.9

ﬂg(")d": (1 —i)g(%) =(—Dgt) (> 1)

t

Define g (t) = 1g(t) — (1 — t) g(t) (¢t = 0, ¢ +# 1), and observe that
[ed—a-ngw cco.1), [ gmdr=o,
[[eds=a— g0 >,

t
[ adxydx = ¢ —Dg*) (20,11,
0
8(t) — g4(t) is bounded for r = 0, t=£1 (2.10)
in view of (2.2) and (1 — ¢) §(¢) = o(1) ¢ — 1 4+ 0).
The key to the proof is the following inequality:

1 b a
-mfag(t)dt <2 (5) for 0<a<b @.11)

There are three cases: (i) If & < 1, then

1

b
L a < :

a0y di = g@) <2 (9).
a b

l—a
(i) Ifa <1 < b, then

g [ a0a< gl [ a0 a=pe(f) <2 ()

(iii) Ifa > 1, then
7égﬁﬂom<3éTﬂﬂ0m=%da<g€y

Depending upon an integer k > 0, we define a sequence

(n+1) /(k+1) .
sul) = (k + 1) | {ndt =0  (n=0)

n/{k+1)
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Obviously,
Sa(k) -0 (n — oo, k fixed);

therefore, s,(k) — O [g]. Furthermore, by (2.11),

k + 1 (n+1) /(k+1)

(k) = n+ 1 —m s

g dt

<% () <2 (1 +2 (7))

for0 <m < nand k = 0. If we apply (2.1) we obtain (2.4).
Next, we define

(n+1) /(k+1)

sMR =K+ D[ U gnd 1= 0,k >0
and note that
s(k) — 5,%(k) is uniformly bounded n=0k>=0),
in view of (2.10). If 4 is regular, condition (2.4) is equivalent to

(1) /Ue+1)

Z%M+Df gu)dt| <M (n=0,k>0). 212

=0

If va,, = o(1) (v — o, n fixed), partial summation can be used, and (2.12)
takes the form (2.7).

If a,, 20 (n,v=0,1,..), (2.5 and 2.6) follow immediately from (2.4),
because of (2.2) and (2.9).

3. NECESSARY AND SUFFICIENT CONDITIONS FOR [g] C A4
From Theorems 1.1 and 2.1 we obtain

THEOREM 3.1. Let g satisfy (2.2), and let A be monotone. Then [g] C 4 is
equivalent to each of the following requirements:
Condition (2.7), even with k = v,, ,
Condition (2.4), even with k = v, ,

Condition (2.5), even with k = v,,, in conjunction with (2.6), even with
k=v,andk = v, + 1.
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Proof. Inview of Theorem 2.1, we need only show that these requirements
are sufficient.

Under the given assumptions on 4 and g, conditions (2.7) with k = v, and
(1.8) are identical, and (2.7) is equivalent to (2.4) (by Theorem 2.1). It then
follows from Theorem 1.1 that the first two requirements are sufficient. As
to the third requirement, we show that (2.4) with k = v,, is a consequence of
(2.5) with k = v, and (2.6) with k = v, , v, -~ 1. We have

va—1 w+1) /(v +1)

Y antu D[ k@

o v/ o t1)
vp—1 va—1
<§o"f(”111) Zoa"'”+1§(v+l) Z""”g(,,Jrl)

and this, together with a similar estimate of

© v+1)/ (v,.+1)
S oan D[ g0
v=vy+2 v/ "n+1
yields
+1) /{rp+1)
> anlvn + 1) [ &
p=0 v/{ vn+1

St ¢ 5, b ons ()

v=0 v=v,+1

+ any,18 ('%‘j__—;_)

The third requirement in Theorem 3.1 and Theorem 1.2 lead to the question
whether the conditions (1.9) are also necessary and sufficient for {g] C 4 in
certain cases. If some ¢ > O exists such that §(r) > eg(f) as t > 1 — 0, then
it follows from (1.6) and (2.8) that the combined conditions (2.5) and (2.6)
are equivalent to

k «©
v " k+1 %
v;)anvg(——k+1)<M, v=§+lamg(v+1)<M n=0k>=0

(3.1)

(A regular and a,, > 0 for n,v = 0, 1,...; g satisfying (2.2)). In view of
2(t) = g(&) — (1 — 1) g'(¢), this is the case if

)g(t)

liglillg%p -1 g@®)

<1 (3.2)
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Thus we have

THEOREM 3.2. Let A be monotone, and let g satisfy (2.2) and (3.2). Then
(3.1), even with k = v, , is necessary and sufficient for [g] C A.

Remark. For g(t) = 1+ log 1/(1 — ¢) the conditions (2.2) and (3.2) are
satisfied. It follows from Theorem 3.2 that for monotone 4, L;* C 4 if and
only if (1.11), i.e., 1 (3.6) holds.

4. WiENER-TYPE METHODS
Let w be a function defined on [0, 1) and satisfying
1
w(t) >0, w)} for t1, f w(t)dt = 1. (.1)
0

Because of

v

n-t1

J‘:/(n-i—l) w(t) dt < p j_ 1 Vé}w( ) < J.: w(t) dt,

the transformation W, = 1/(n + 1) Yo, w(v/(n + 1)) s, defines a monotone
(v» = n) and triangular summability method (w), a Wiener-type method, and
we shall write s, — s (w) when W, — s.

In this section we shall discuss conditions for the inclusion [g] € (w), and
also for (w) C [g]. Concerning the first of these relations, we derive from
Theorems 1.2, 3.1 and 3.2 the following result.

THEOREM 4.1. If g satisfies (1.5), then a sufficient condition for [g] C (w) is

| " (t) g(t) dt < . 4.2)

If g satisfies even (2.2), then a necessary and sufficient condition for [ g] C (w)
is

[ W gy dr < oo (4.3)
or, equivalently,
| = 1) g(e) dwlt) < co. (4.4)
0

If g satisfies (2.2) and (3.2), then (4.2) is also necessary.
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Proof. Since w and g are nonnegative and nondecreasing, we have

f:/mmW(t)g(t)dt< Z (n—l—l) (n+1) fw(l)g(t)dt

i.e., in the present case condition (4.2) is condition (1.10). A similar argument
shows that (4.3) is condition (2.4) (k = »,)). It remains to show that (4.3) and
(4.4) are equivalent, i.e., that (4.3), and also (4.4), implies

(A —0)g®)w(t) = o(l) as t—1—0. (4.5)

(Note that

[T w0 gy = —wo [ gerax| 4 [ - g0 ano)
0<e< 1).)
Let (4.3) be satisfied. Then (4.5) follows from

1 1
[ w09 200y de = wid) [ 3G dx = (1 = 1) g0) wi).
Let (4.4) be satisfied. We define a bounded, nondecreasing function

t
F(t) = f (1 — %) g(x) dw(x), for t€[0,1),
0
and observe that

w(t) — w(0) = dF(x) for te[0, ). (4.6)

¢ 1
fo (I —x) gx)

Since (1 — ) g(f) = [; §(x) dx | Oas¢ 1 1,and [} dF(x) = o(l)as1—1 —0,
it follows that w(#) — w(0) = o(1/(1 — ¢) g(¢)) (t— 1 — 0), which implies
(4.5).

Remark. We see from this proof that (4.4) can be reformulated to yield
the following result: If g satisfies (2.2), then (w) 2 [g] if and only if w is of the
form (4.6) with a bounded, nondecreasing F. Any such function F, apart from
a constant factor (normalization), can actually occur.

Next, we turn to the inclusion (w) C [g]. Using the concept of a mean-value
condition, we can employ standard arguments to discuss even the more
general inclusion relation 4 C [g] for a triangular and monotone A (see,

e.g., [6]).
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A triangular matrix 4 = (a,,) satisfies the mean-value condition M(A) if
an inequality

oO<<m<n

¥4
z aﬁvsv

v=0

< K sup

O<<p<<m

> Gy
»=0
holds, with K independent of m, n and {s,}.

THEOREM 4.2. Let A be triangular and monotone (v, = n), and suppose
that My(A) holds. Then A C [g] if e > 0, & € (0, 1) exist such that

€

Qo = - for n =0, on<m<n @47
(n—}-l—m)g(n_{_1

Proof. Let s,— 0 (4). We have 4 C C; (see, e.g., [6, Theorem I1.21]),
and, hence, it is sufficient to show that

1 o .
—_—e z s,=o(l+g for n— oo, uniformly
n-+1—mz2 ( ( +1)) . Sn<m<n. (4.8)

But My(4) implies

sup Z S, for n— o 4.9

O0<p<<g<n ve=p

[6, Theorem I1.8, Lemma I1.4], and (4.8) follows from

n n—1

ZmaLmanvSv:Zm( ln ) Zanus +'Z Zmanu.us
by (4.7) and (4.9).

It remains to give conditions which ensure Mg(w). We have M;(w) if
w(v/(n + 2))/w(v/(n + 1)) | forv 1,0 < v < n [6, Lemma II.5, Theorem II.16];
therefore, M (w) is a consequence of w(ax)/w(bx)| for x1{ whenever
0<a<bhb<1(0<x<1).Ifw exists, then

xw(bx) d wlax) _ ( axw'(ax) bxw'(bx)
wlax) dx wbx) \ w(ax)  w(bx) )

Thus we have

THEOREM 4.3. Let (w) be a Wiener-type method with w(0) > 0. Suppose
that w'(¢), t € [0, 1), exists and that

t”v((t’)) I for ], (4.10)
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Then My(w) holds. Furthermore, if g satisfies (1.5), the inclusion (w) C [g] is
equivalent to

lim inf (1 — £) g(t) w(t) > 0. @.11)

Only the necessity of (4.11) needs further explanation: The inclusion
involves, in particular, that s, — 0 (w) implies s,, = o(1) g(n/(n + 1)). Using
the standard argument with the diagonal elements of (w), it follows that

n

(n—l—l)/w(n_*_Ll)=0(1)g(n_|_ ) or (1—H)wt)glt) =e>0

'=577)

We mention below some examples of methods (w) and their relations to
certain methods [g]:

1. Let w(t) = w(1 — 1)1, 0 < « < 1. Then (w,) &~ C, (C, denotes the
Cesaro method of the order «). This follows by a Theorem of Miesner [5]
from the observation that (w,) is essentially the Noérlund mean N, ,
Pn = (n -+ 1)1 (or by [3, Satz 6] and the fact that (n + 1 — vy (" 21y |
as v 1, v < n). The function w, satisfies (4.10).

2. Let wey(t) = /(1 — 1)(eo -+ log* 1/(1 — 1)), o > 1, ¢4 = (o — 1),
where «, is a constant such that |, (1, w(t) dt = 1. A short calculation shows
that wey(£) 1 for 7 1. If ¢, = (« — 1)* 1 a*, then (4.10) is satisfied, since with
v = log (1 — 1), t(wey(@)wea(t)) = (e" — 1)1 — aw*(c, -+ 1)), and the
derivative with respect to v of the last right side, apart from a factor e, is

ap*1 i, afa — 1) v*2 op2e—2
_ca—i—v“_{—(l—e )(_ ¢, + v +(ca—|—u°‘)2)
ap*1 . e — 1) v>2
>l_ca—i—v°‘+v( Cy + 1 )20'

For ¢, = (o« — 1)*~1 o2, we denote (w(,) by L, .

Letg (t) = 1)1 — ) wdt) = (1/x)(1 — ), 0 < k < 1. The method [g,]
will be denoted by C,*. The function g, satisfies (1.5), and it satisfies (2.2)
and (3.2) when 0 < « < 1.

Let g = (A — ) we(t), ¢, == (@ — 1)*1o®, o > 1. This function
satisfies (1.5), and (for « = 1) the function gyH(t) =1+ log 1/(1 — ¢)
satisfies (2.2) and (3.2). The method [g(,] will be denoted by L *.

We have the following relations:

C.CC* 0<rk<xl (Theorem 4.3),

C.#C* 0<k<l1 (Theorem 4.1),

C, ~ C,* (since, trivially, C,* C C)),
C*CChe, ¢e>0, 0 <k<1 (Theorem 4.1),

(4.12)
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L CL* a>1 (Theorem 4.3),
(4.13)
L*CLyery, o221, e>0 (Theorem 4.1),
L*XCC,, a=21, «>0 (Theorem 4.1), @19
L,CC., a>1, k>0 (from@13)andL,*CC).\

It follows from (4.14) that L, C (.>o C. for every « > 1. Here the
inclusion is strict (note that L, C L, .., from (4.13), and that L, % L,..,
since the diagonal terms of these matrices have different order).

Given a Wiener-type method (w), Theorems 1.2 and 4.3 can be used to find
conditions for (w) C 4. First we have (roughly) (w) C [1/(1 — ) w(?)] = [¢],
and [g] C A4, if (1.9) holds. Thus, in case of a triangular 4, we have roughly
(w) C A when

S . L~ o

S U nJVrl)w(n+1)

For w, and a monotone (v, = n) and triangular A, all the conditions involved
are satisfied, and C, C 4, 0 << « < 1, follows from

; s (7%) = 0(D). (4.15)

S. THE INTERSECTION N(w), (w)2 [g]

The discussion of this problem will be based upon the Remark following
Theorem 4.1.

THEOREM 5.1. Let g satisfy (2.2). Then a sequence {s,} is summable to
zero by all methods (w) with (w) 2 [g] if and only if

1 n
TITAS0 (1) (5.1)
v=0
and
1 - .
m,,;n 5, =0 (1 +g (“;z—z—T))’ uniformly for 0 < m < n.

(5.2)

Proof. We note, first, that (5.1) is necessary since C; 2 [g]. We have
s, — 0 (w) for all (w) D [g] if and only if s, >0 (4w — Bw*), whenever
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w), w*) 2 [gl, 4, B, > 0, i.e., if and only if

n—li—l viS”(AW(FVrT)“BW*(nil))

=0

 AW(0) — BwH(0) & I & plo AF(x) — BF¥(x))
DS V%S”+n+1gls”fo d — %20

= I, -+ 1I,— 0.

Here I,—0, and it remains to discuss the condition II,— 0 when
#(x) = AF(x) — BF*(x) is any function in V[0, 1]. But

n

B w/(n41) n db(x) o
= ‘Zl J 4= /(42) ; HES =GN fo ba(x) dp(x),

where

1
ba(x) = 74+ DA — x) g(x) (n+1);<v<n

s, .

(The first representation of II,, shows how f}, b,(x) dé(x) must be interpreted
when discontinuities of ,, and ¢ coincide.) It follows from (5.1) that

b(x)—>0 as n— oo, for every fixed x € [0, 1], (5.3)

and from II, — 0, by the Banach-Steinhaus theorem applied to absolutely
continuous functions ¢, that

by(x) = 0(1) as n— o, uniformly for x € [0, 1]. 5.4

Conversely, (5.3) and (5.4) imply II, — 0, and Theorem 5.1 follows since
(5.2) is equivalent to (5.4). (Note that (I — x) g(x){.)

One might ask whether (5.1) and (5.2) imply s, — O [g]. This is not the
case. As a counter-example, let s, = g(1 — 1/(n + 1)) for n = 3%, 5, = 0
otherwise. We have s, — 0 (C,) (note that s, = o(n), by (2.2)), and this
implies (5.2) for m < n/2. But, for n/2 < m <n,

1 S g(l_nil) n-1 1
T < _ ~
n+1—m,=ms"\ n+1—m n+1—m 1—1/(n+1)g(t)dt
n+1

0= £ ()

Sn+1—m m/(n+1)
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Hence, {s,} satisfies (5.1) and (5.2), but it is not summable [g] since
sp # o(g(l — 1/(n + 1))).

For g = 1, Theorem 5.1 shows that a sequence is summable by all methods
{(w) if and only if it is bounded and summable C, . Remembering that every
Wiener-type method satisfies (w) C C;, we see that all methods (w) are
equivalent for bounded sequences. In particular, there is no Wiener-type method
which is equivalent to convergence.

For g(t) = 1 + log 1/(1 — ), our results show that no method (w) is
equivalent to L,*, but the Wiener-type methods stronger than L, * almost
exhaust all Fourier-effective (monotone) methods.

6. NORLUND MEANS AND ARITHMETICAL MEANS

In this section we shall discuss the class of monotone No6rlund means,
and the class of monotone arithmetical means, which are stronger than L,*
or some other order summability (different from convergence). For g, the
condition

g(t) > oo t—1-0 6.1)

will be of importance.

THEOREM 6.1. Let g satisfy (2.2) and (6.1), and suppose that A is triangular,
regular, with a,, = 0 (n,v = 0, 1,...). Then A2 [g] implies

M

L O<u<n, (62
p<v< (n+1—;t)g(n_'lj|:1)
éa"”gM/g(niJ O<u<n, (6.3)
Y a1 (>0, t—>1-0), 64)

v{nt
and the existence of ny = 0, t, € (0, 1), 8 > 0 such that

nsup a,, =06 for n < n, te(ty, 1. (6.5)

v<nt
Proof. 1t follows from (2.2) and (2.4) that

(1) /(n+1)

M= ann+ 1) [

v=p v/(n41)

1
Fdi > (il a)m+1) [ g
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and

Z""“g( +1)

This gives (6.2) and (6.3). Since, necessarily, §(t) — o (t — 1 — 0), it follows
that

Y a,—0 n—> o0, t—>1—0)

nt<vn

which is equivalent to (6.4). A trivial consequence of (6.4) is (6.5).

In the statement of Theorem 6.1 we have avoided the assumption of
monotonicity for A which would have simplified the conditions (but greatly
reduced the generality). Condition (6.4) is typical for the inclusion 4 2 [g]
with some (suitable) g. If A is arbitrary, there is nothing much that can be
said about possible g’s. However, if 4 is a monotone Nérlund mean, we may
always take [g] = C.* (for some € > 0), and if 4 is a monotone arithmetical
mean, we may take [g] = C;*. To show this is the object of the following
theorems. If [g] = L,*, we obtam relations with Fourier-effectiveness.

Let {p,} be a monotone sequence with p, > 0. For the corre-
sponding Norlund mean N, (i.e., the triangular A4 with a,, = p,_,/P,,
P, = py + -+ + p.), condition (6.5) is equivalent to

P
= On 6.6
2 = (). (©6)
THEOREM 6.2. Let {p,}, p, >0 (n = 0), be monotone, and let the

corresponding Norlund mean N, be regular. Then (6.6) is equivalent to each of
the following statements:

2 [g] for some g satisfying (2.2) and (6.1), 6.7)
Np 2 Ll*’ (68)
N, 2 C. for some € > 0. (6.9)

Proof. Condition (6.7), and its special cases (6.8) and (6.9) (see (4.14))
imply (6.6), by Theorem 6.1.

Next, suppose that (6.6) is satisfied, i.e., p,/P, = 1 — P,_4/P, = K/(n + 1)
for some K > 0. Consequently, P,_,/P, < 1 — K/(n + 1), and, for m < n,

P, z K 0 elog(l—K/(641)) —KED a1/l
I L H 1 — —) = e™v=m+l og(1 v+1 < e p=m+11/ v+
P, = ( v+ 1

v=m+1

= 0(1) e—Klog(n+1)/(m+1) — 0(1) ( r::i 11 )K'
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Let 0 < ¢ < min(l, K). Then C, C N, follows from (4.15) since

Pnv __ Pno P, . 0(1) (n—v—l— I)K
P, P,, P, n—v-+1 n—+1

implies

n

B ) - oo

v=0

Finally, (6.9) implies (6.7) and (6.8).

Remarks. 1. Hille and Tamarkin [1] have shown, for 0 < p,, |, that N,
is F-effective if and only if

= X PJO + 1) = 0(1). (6.10)

y=

It follows from

npn—v n—l—l __1__" __—I—n_l V‘Jr'2
Z~O P, 85T T 7, Eol’“]"g v+1 P, E()P“l"ghtl
that (6.10) is essentially the condition (1.10) with g(¢) = 1 + log 1/(1 — ¢).
Theorem 3.2 then shows that (6.10) is equivalent to N, 2 L,*. Thus, we have
a new proof of this result, and (6.10) can be replaced by the simpler con-
dition (6.6) (which immediately implies (6.10)).

2. Karamata [4] has shown that (6.9) is a consequence of (6.10).

There are similar results for arithmetical means M, (i.e., the triangular 4
with a,, = p,/P, s P, = py + ** -+ p,). Let{p,} be a sequence with0 < p, 1
for n {. Then (6.5) implies, for some ¢ (0, 1),

o sup p, = 9, n>=n,. 6.11)
Pn v<ni
It follows from (6.11) and P, = 3,/ <,<n Py = (1 — t')inf,-,, p, that
inf e p, < Ksup,<p: p, for some K, depending on ¢’ € (0, 1), and for all
large n. Taking ¢’ € (¢, 1), we see that numbers p > 1 and C > 0 exist such
that :

P < Cp;, whenever 7 < pj. (6.12)

Let m be the integer with n/p < m < n/p + 1. Then it follows from (6.12)
that

Py Pm Pm
InpC—Em _ <pwc—Em
" pm+"'+pn\ncpm(n+l—m)

640/4/3-3



262 JURKAT AND PEYERIMHOFF

and this shows that

NP
=0 (6.13)

is a consequence of (6.11) when p,, 1.
THEOREM 6.3. Let {p,}, p, > 0 (n = 0), be monotone, and let the corre-

sponding arithmetical mean M, be regular. Then (6.13) is equivalent to each
of the following statements:

M, 2 [g] for some g satisfying (2.2) and (6.1), (6.14)
M, L*, (6.15)
M,2C. (6.16)

Proof. Whenp, |,then M, 2 C,;,and we need only consider the case p,, 4.

Condition (6.14), and its special cases (6.15) and (6.16) imply (6.13) as in
the proof of Theorem 6.2. Suppose now that (6.13) is satisfied. Then (6.16),
and even M, ~ C,, follows (see [2, Satz 16].)
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